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o 

Cn ' Abstract. We consider q-Euler numbers and polynomials and g-Stirling num- 

bers of first and second kinds. Finally, we investigate some interesting prop- 
erties of the modified g-Bernstein polynomials related to g-Euler numbers and 
g-Stirling numbers by using fermionic p-adic integrals on TLp. 

o 

(N 

L_( \ 1- Introduction 

^^ ■ Let C[0, 1] be the set of continuous functions on [0, 1]. The classical Bernstein 

(-H \ polynomials of degree n for / e C[0, 1] are defined by 

■■ (1.1) B„(/) = ^/ -jSfe,„(x), 0<x<l 

fc=0 ^ " ^ 
where B„(/) is called the Bernstein operator and 

>: (1-2) BkA^) = {^\xHx-ir-'' 

are called the Bernstein basis polynomials (or the Bernstein polynomials of degree 
^.f-\ i n) (see .iTj). Recently, Acikgoz and Araci have studied the generating function for 

I • I Bernstein polynomials (see [UEl)- Their generating function for Bk.,i{x) is given 

o ; ^y 

O ! j-kjl-x)t^k oo y-ri 

(1-3) F<-'^\t,x) = '\^ -^ = Y. BkA^)-,^ 

n=0 

\J~^ • where A; = 0, 1, . . . and x e [0, 11. Note that 

H: „ , . /(^)a;'=(l-a;)"-^- if n > A: 

CU -Dfc n[x) — < ''' 

'^ [0, iin<k 

for n = 0,1,... (see [311]). 

Let p be an odd prime number. Throughout this paper, Zp, Qp and Cp will 
denote the ring of p-adic rational integers, the field of p-adic rational numbers and 
the completion of the algebraic closure of Qp, respectively. Let Vp be the normalized 
exponential valuation of Cp with \p\p = p~^. 

Throughout this paper, we use the following notation 

[x]g = y— - and [x]_, = ^^^ 
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(cf. ifl [g H [E]). Let N be the natural numbers and Z+ = N U {0}. Let UD{Zp) 
be the space of uniformly differentiable function on Zp . 

Let q G Cp with \l — q\p < p~^'(P~^> and x G Zp. Then g-Bernstein type operator 
for / e UD(Zp) is defined by (see [HIH]) 



.</)=i:/f!)(;;)ws[i-i 



(L4) 



for k,n E Z+, where 



fc=0 



n — k 



fc=0 ^ ^ 



(1-5) B..,(:.,Q)=QMj[l-.Tr;-'^- 

is called the modified q-Bernstein polynomials of degree n. When we put g — ?■ 1 in 
(jl.Sp . [x]^ — )► x^, [1 — x]"^*^' -^ (1 — a;)""'"' and we obtain the classical Bernstein 
polynomial, defined by (|1.2p . We can deduce very easily from (|1.5p that 

(1-6) Bk,n{x,q) = [1 -x]gBk,„-i{x,q) + [x]qBk-iji-i{x,q) 

(see [2]). For < fc < n, derivatives of the nth degree modified g-Bernstein 
polynomials are polynomials of degree n — 1 : 

(1.7) —Bk,n{x,q) ^ n{q''Bk-i.n-i{x,q) - q'^~''Bk,n~i{x,q))-^ 

ax 9 — 1 

(see [H]). 

The Bernstein polynomials can also be defined in many different ways. Thus, 
recently, many applications of these polynomials have been looked for by many 
authors. In recent years, the g-Bernstein polynomials have been investigated and 
studied by many authors in many different ways (see [UJ [TSl HZ] and references 
therein [4j[T6]). In |16) . Phillips gave many results concerning the g-integers, and 
an account of the properties of g-Bernstein polynomials. He gave many applications 
of these polynomials on approximation theory. In [1] [2] , Acikgoz and Araci have 
introduced several type Bernstein polynomials. The Acikgoz and Araci paper to 
announce in the conference is actually motivated to write this paper. In |17| . 
Simsck and Acikgoz constructed a new generating function of the g-Bernstein type 
polynomials and established elementary properties of this function. In |14) , Kim, 
Jang and Yi proposed the modified g-Bernstein polynomials of degree n, which 
are different g-Bernstcin polynomials of Phillips. In [15 , Kim, Choi and Kim 
investigated some interesting properties of the modified q-Bernstein polynomials of 
degree n related to q-Stirling numbers and Carlitz's q-Bernoulli numbers. 

In the present paper, we consider g-Euler numbers, polynomials and q-Stirling 
numbers of first and second kinds. We also investigate some interesting properties 
of the modified g-Bernstein polynomials of degree n related to g-Euler numbers and 
g-Stirling numbers by using fermionic p-adic integrals on Zp. 
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2. q-EULER NUMBERS AND POLYNOMIALS RELATED TO THE FERMIONIC p-ADIC 

INTEGRALS ON Zp 

For A^ > 1, the fermionic g-extension fiq of the p-adic Haar distribution /iuaar '■ 

(2.1) ^„^(„+pA^z,) = ^^ 

is known as a measure on Zp, where a + p^Zp = {x € Qp \ \x — a\p < p~^} 
(of. [3 H]). We shah write dii-q{x) to remind ourselves that x is the variable of 
integration. Let UD{'Lp) be the space of uniformly differentiable function on Zp. 
Then /^_g yields the fermionic p-adic g-integral of a function / G C/£)(Zp) : 

(2.2) /_,(/) = / f{x)d^,^q{x) = hm —^ Y. fi^)i-ir 

■^^p ' ^ x=0 

(of. [3 m [ini [13]). Many interesting properties of (|2.2p were studied by many 
authors (see [SI [9] and the references given there). Using p.2p . we have the fermionic 
p-adic invariant integral on Zp as follows: 



(2.3) hm /,(/) = /_i(/) = / /(a)d/._i(a;). 
For n G N, write fn{x) = f{x + n). We have 

n-l 

(2.4) /_!(/„) = (-l)"/_i(/) + 2^(-l)"-'-V(0- 

This identity is obtained by Kim in [8^ to derives interesting properties and rela- 
tionships involving q-Euler numbers and polynomials. For n G Z+, we note that 



(2.5) /-i(N")= / [x]y^^^,{x) ^ E^ 



where £'„,, are the g-Euler numbers (see [llj). It is easy to see that Eo,q — 1. For 
n G N, we have 

1=0 ^ ^ 1=0 ^ '' x=0 



hm J2{^ir{q[x]q + ir 

J — von ' ' 



JV-!-00 

x=0 



(2.6) p"-i 

hm ^(-l)-[x + l]^ 



Af-!-oo 

x=0 



hm 5^ (-l)^(N^ + b^]^) 



x=0 

-E 



From this formula, we have the following recurrence formula 
(2.7) ^0,9 = 1, {qE + l)" + En,q=Q linen 
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with the usual convention of replacing i?' by Ei^q. By the simple calculation of the 
fermionic p-adic invariant integral on Zp, we see that 

where (") = nl/l\{n — 1)1 — n{n — 1) ■ ■ ■ {n — I + l)/ll. Now, by introducing the 
following equations: 

(2.9) N|=g"g-"^N^ and g""^ = £(1 - 9)'" (" ^^ " ^) [< 

rn=0 ^ ^ 

into (j2.5p . we find that 

(2.10) i?„,i = g" £ (1 - qr h + '^-^) K+„,,. 

m=o ^ ■' 

This identity is a peculiarity of the p-adic g-Euler numbers, and the classical Euler 
numbers do not seem to have a similar relation. Let Fq (t) be the generating function 
of the g-Euler numbers. Then we obtain 

n=0 

n— 

CXj / 

f^ (1 - q)'' l + qf" kl 



^^^{~lf 1 t^ 
From (|2.1ip we note that 



(2.12) Fq{t) = 2eT^ ^(-l)"e(^)* = 2^(-l)"e["l.*. 

n=0 n=0 

It is well-known that 

(2.13) /_i([a; + y]") - / [.x + y]"d/i-i(y) - i?„,,(x), 

JZp 

where En^q{x) are the q-Euler polynomials (see [H]). In the special case a; = 0, the 
numbers £'„^g(0) — En^q are referred to as the g-Euler numbers. Thus we have 



Jl"p i,_n V / 









A;=0 ^ 



iQ''E+[x]qy 
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It is easily verified, using ()2.12p and (|2.13p . that the q-Euler polynomials En,q{x) 
satisfy the following formula: 



oo f^ f 






(1 -q)" '^-^^ ' \l I l + q'- n\ 



= 2^(-l)-e 



n^[n+x]gt 
n=0 



Using formula (12.15^ when q tends to 1, we can readily derive the Euler polynomials, 
En{x), namely, 

2e^* v^ , ,r 



•^Zp e* + 1 ^^ 



(see [8]). Note that £",1(0) = En are referred to as the nth Eulcr numbers. Com- 
paring the coefficients of t"/"-' on both sides of (I2.15p . we have 

00 n n / \ ix 

(2.16) EnA-) = 2 5: (-l)™[m + X]- = j^—^ ^^(-l)' (^^j ^. 

We refer to [n\q as a g-integer and note that [n\q is a continuous function of q. 
In an obvious way we also define a q-factorial, 

J[n],[n-l],---[l]g nGN, 
[n\q. — -s 

II, n = 

and a q- analogue of binomial coefficient 

^ • ^ Wg [x~^n]ql[n]q\ [n]q\ 

(cf. [inilll]). Note that 

fx\ fx\ x(x ~ 1) ■ ■ ■ (x — n + I) 

lim ' ' — ' ' — 



g-i-i \n/ yn 



It readily follows from (|2.17p that 

(cf. [TT1[T2). It can be readily seen that 

(2.19) q'^ = i[x]qiq -l) + iy=J2 (I) il - 1)"N; 

Thus by ^fTT^ and (j^l^ . we have 



.TO 
m=0 ^ 






(2.20) / (^) d/,_i(x) = ^2-^^ qU^C;) (-l)'^(^"^/)(g -1)^ £;,,,. 
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From now on, we use the following notation 

(2.21) l^^q'&J2s^,,ik,l)[x][, fceZ+, 



k],: 



1=0 



" f 1 I 

(2.22) [^]«^^5(^),2_^(^,fc) J^, n£Z+ 

fc=o '-^ ''^' 

(see [H]). From (I2.2ip . (|2.22p and (I2.19p . we calculate the following consequence 

k 



fc=o ^ ^' ;=o ^'^9 

(2.23) x^n(g-l)™[< 

k=0 ^ ^'' 



Therefore, we obtain the following theorem. 
Theorem 2.1. For n e Z+, 

^-^ = E E E '?(^^-2,,(n, fc)(g - 1)™-'= (^) g(^)+'(i-'^-) f ^ ) i-iy+'E^,,. 

fe=0 m=0 i=m ^ ^ 9 ^^'^'^ 

By (12.191) and simple calculation, we find that 

= ^(g-l)'=g«)r / n[--VM-i(-) 



(2.24) 






n / n 

' n 



m=0 \fc=m \ ^ 9 / 



Therefore, we deduce the following theorem. 
Theorem 2.2. For n e Z+, 



m=0 ^ ^ m=0 fc=m ^ ^ 9 
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Corollary 2.3. For m, n e Z+ with m < n, 

^ k=m \ ^ 9 

By (12.161) and Corollary 12.31 we obtain the following corollary. 
Corollary 2.4. For n e Z+, 

9 " " / \ Ix 

^ ^^ ;=o k=i ^ ^ q ^ 



It is easy to see that 
(2.25) f") =. E ,^to^. 



1 lo + ---+lk=n-k 



(of. [12] )■ From (I2.25P and Corollarv l2.4[ we can also derive the following interesting 
formula for g-Euler polynomials. 



Theorem 2.5. For n e Z+, 



(1-9)" 

These polynomials are related to the many branches of Mathematics, for ex- 
ample, combinatorics, number theory, discrete probability distributions for finding 
higher-order moments (cf. [101 HH [13] ) . By substituting x = into the above, we 
have 

n n _. _. 

/=0 k=l lo + ---+lk=n-k ^ ^' ^ 

where En^q is the g-Euler numbers. 

3. g-EULER NUMBERS, g-SxiRLING NUMBERS AND (J-BeRNSTEIN POLYNOMIALS 
RELATED TO THE FERMIONIC p-ADIC INTEGRALS ON Zp 

First, we consider the g-extension of the generating function of Bernstein poly- 
nomials in (|1.3p . 

For q G Cp with |1 — q\p < p^^/iP^^\ we obtain 



F«(i,x) 



(3.1) 



t^el 


l-x], 
k\ 


'*Hg 








H^- 


OO 

>: 

n=0 


fn + k\ 
\ k J 


l[l- 


rl"- 


^n+k 

n + k)l 


OO 


\k ) 


INj[i- 


-r 


-kt" 




n^k 














Bk,n 




■> 






n=0 
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which is the generating function of the modified g-Bernstein type polynomials (see 
[15]). Indeed, this generating function is also treated by Simsek and Acikgoz (see 
[T7]). Note that lim,^! F^''\t, x) = F^'^^t, x). It is easy to show that 

oc n — k y J i\/ 7\ 

(3.2) [1 - X]--' - E E ( ,r ) (" 7 ) (-i)'+™'?'Nr (-? - !)"■ 

m=0 1=0 ^ / \ / 

From pTi)) . ((231) . (|2TT5)) and ((3?2|) . we derive the following theorem. 
Theorem 3.1. For k,n G Z+ with n > k, 



il) 



-dfj-~iiy) 



CO n — k 



E E r "":"') r 7 ') (-i)'^"V(. - i)'"i^..™.M, 

m=0 ;=o ^ / \ / 



where En^q are the q-Euler numbers. 

It is possible to write [x]^ as a linear combination of the modified g-Bernstein 
polynomials by using the degree evaluation formulae and mathematical induction. 
Therefore we obtain the following theorem. 

Theorem 3.2 ([H Theorem 7]). For k,n e 'Z+,i eN and x e [0,1], 
^ )^Sfe,„(x, q) = [x]l{[x]q + [1 - x],)"-\ 

Let i — 1 < n. Then from (|1.5p . p.2p and Theorem 13. 2[ we have 



el.-iWn'[i-^]^ 



(?) 

wr^ (i + ^) 

(3-3) =£ f^ -^'^mDn+p-lWm + n-k 

m=Ofc=i-l i=0 p=0 Vi/ ^ ^ ^ ^ 

X (^" - * + "^ - 1^ (-l)'+P+™g'(g - l)PM«-"-™+fe+P+ 
\ m / ^ 

Using (|2.13p and p.3p . we obtain the following theorem. 
Theorem 3.3. For k,n G Z+ and i G N with i — 1 < n, 

oo n ra+n—k oo 

^.. = E E E E 



oo n m+n—k oo /k\/n\ /, , i\ / , 7 

jjifcj II-+P- l\ m + n-k 



m=Ok=i-l 1=0 p=0 



\iJ \kJ 



X ("" '+"" ^Vi)'+p+"V(9-i)''i^^-«-™+fe+p+^, 

The g-String numbers of the first kind is defined by 

n n 

(3.4) n(l + W?^) = E^i("'^'9)^ 



)z^ 



fc=l fc=0 
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and the g-String number of the second kind is also defined by 



z^ 



(3.5) \[{l + [k],z)-'=Y,S2{nMq) 

k=l k=0 

(see [E]). Therefore, we deduce the fohowing theorem. 
Theorem 3.4 ([HI Theorem 4]). For k,n e Z+ and i £ N, 

(*) 

T,'k=^-l7^Bk,„{x,q) i k 

^p^-^iL__ = ggS.(„.,;„*(..M)Wi. 

By Theorem [221 Theorem 13.41 and the definition of fermionic p-adic integrals on 
Zp, we obtain the following theorem. 

Theorem 3.5. For k,n E 2+ and i G N, 

i k 

= ^^Si{n,l;q)S2{i,k : q)Ei^q, 
k=o i=a 

where Ei_q is the q-Euler numbers. 
Let i — 1 < 71. It is easy to show that 



n — i n—i — l 



(3-6) =E E ; rn (-ir^^N^+'+'g— 

1=0 m,=0 V / \ / 

n-in-i-l aa , .s / ■ ;\ / i i 

^ ^[ I )\ m )[ s 

1=0 m=0 s=0 ^ ^ ^ ^ ^ 

X (-l)™g"(I-g)'^[a:]^+*+'+^ 
From (|3.6p and Theorem 13. 2[ we have the following theorem. 
Theorem 3.6. For k,n E 2+ and i G N, 

n /k\ /. n — in— t — (, lj^ 

E M/ i3fe,«(^,9)rfA*-i(^) = E E E 

x(-irg'"(l-g)^S„,+,+j+3,, 
where Ei^q are the q-Euler numbers. 

In the same manner, we can obtain the following theorem. 



n (k\ (. n — i n — i — I oo / -\ / - j\ / -i 

-— V ( ■ ) / „ , , , , , v-^ v-^ v-^ in — i\in — t — i\irn + s — L 



k=i-l Vi; •'^p ;=o m=0 s-0 
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j\ /n\ /j — fc + 771 — 1 



Theorem 3.7. For k,n eZ+ and i G N, 

/ Bk,nix,q)d^-i{x) =^Y^ 

x(-ir'-+"'g-''-'=(g-iri?™+,,„ 

where Ei^q are the q-Euler numbers. 

4. Further remarks and observations 
The q-binomial formulas are known, 

(a; g)„ = (1 - a)(l -aq)---{l- aq^-^) = f^ f"") q(^{-iya\ 

(4.1) '=°^'^' 

(a;q)„ (l-a)(l-ag)---(l-ag"-i) ^^[ i j^" ' 

For h £ X^n £ Z-|_ and r G N, we introduce the extended higher-order g-Euler 
polynomials as follows [11) : 

(4.2) 4^'')(a;)= / ••■ / q^^^-^^''-'^^nx + Xi + - ■ ■ + Xrrqdfi-iixi) ■ ■ -df^.^ixr). 
Then 



2'- v^/rt\, _,w q 






n^s r;(-i)v 



(i-9)"t^V^/ (-'z"-''+';9)/ 

Let us now define the extended higher-order Norlund type g-Euler polynomials as 
follows [H]: 

-.'/r'<..^^i:(;)(-iy 
(1-1) 

q 

"" /z, • • • k, g'^^^+'-'+^-^g^^-^^^-^'^'^d/i-iCa^i) • • • d^l-l{xr) ' 

In the special case x = 0, En.q~^ = En^q~^'{0) are called the extended higher-order 
Norlund type g-Euler numbers. From (14. 4p . we note that 

(4-5) ^ '^^ 

A simple manipulation shows that 
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and 



n — 1 n — 1 / r 7 1 \ ^^ 

(4.7) J](^_[A:]J = z"[] l-iA)^^5^(„_l,fc;5)(_l) 



\k n — k 



fc=0 fc=0 ^ ' k=Q 

Formulas (|4.5p . (14.61) and (14. 7p imply the following lemma. 
Lemma 4.1. For h E Z,n £ 2+ and r e N, 

_. r m 

I- ''J m=Ofc=0 

From (|2.19p . we can easily see that 

(4-8) [- + h: = jY^ E E C-) fi) (-i)^^'(i - ^yrn^fr 

^ ^' j=Q 1=0 \-'/ \ / 

Using (|2.13p and (|4.8p . we obtain the following lemma. 
Lemma 4.2. i^or m, n e 2+, 

1 " ■? / \ / ■ 



By Lemma l4.81 lemma H?^ and the definition of fermionic p-adic integrals on Zp, 
we obtain the following theorem. 

Theorem 4.3. For h eZ,n eZ+ and r G N, 

/ E(!:f^-Hx)dfi^,{x) = p^ E E'?^'"'^^"^i(™-i'^''?)(-i)'Mr'^",.M 

^ r m 



T^i:t(")fi)<-i)'"(i-')V"^..- 



Put /i = in (14.41) . We consider the following polynomials £'A,g '^ (a;) : 

(1 -<?)-"(';) (-i)'g'" 



^•'^ -« £^/,^.../,^,'(-+-+-),-^.-^--^d^_i(xi)---dA^-iM- 

Then 

A simple calculation of the fcrminionic p-adic invariant integral on Zp shows that 

"'^p m=0 ^ ^ 

Using Theorem 14. 3[ we can also prove that 

•^^P ^ ^"^^ m=Ofc=0 
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Therefore, we obtain the fohowing theorem. 
Theorem 4.4. For m e Z+, r £ N with m < r, 

^ ^ "^ fe=0 
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